University ol Gronmmgen Multivariable Analysis H Jaidén-Kojakhmetov

Exam
26/01/2023, 8 30 am - 10 30 am

Instructions:

e Piepare your solutions in an ordered, clear and clean way. Avoid delivering solutions with scratches

e Wiite your name and student niumber m all pages of your solutions,

Cleaily indicate each exercise and the conesponding answer, Provide yomr solutions with as much detail as
possible

®

Use different pieces of paper for solutions of different exeicises

]

o Read first the whole exam, and make a strategy for which exercises you attempt fiist Start with those you feel
comfortable with!

Exercise 1: (I pomt) Prove that f(r,y) = (e' +eY,e' + e ¥) 18 locally mvertible at every pomt (7, y) € R? Moreover,
if f(a) = b, what 18 the derivative of 1 ag b?

Exercise 2: (15 pomts) Consider the ODE 2" + 32/ 4 22 = T
e

a) Find the general solution of the given ODE
b) Make a sketch of the vector field correspoudmg to the homogeneous equation 2/ + 31" + 22 = 0
¢) Is there a 1elationship between the vector field of pait b) and the geneial solution of patt a)?

12
d
Exercise 8: (1 pomt) Consider f(t) = / +_s for ¢ > 1 Compute the derivative of f
Jr s+sms

ds

y
Hint: 1t may be useful to write f as the composition of two functions, one of which 1s (2,y) = / Siens
, s+sins

Exercise 4: (1 pomt) What 1s the n-dimensional volume of the 1egion

{r=(21, ,ep)€R" |2, >0foralle=1 ,nandr+222+ +nv, <n}?

Exercise 5: (1 pomt) Let S be a closed curve m R? and € the umt cncle m R? Suppose that S and € are diffeomor phic
What is the 2-dimensional volume of the cuive S (volp 8)? Justify your answer in tull detail

Hints and remarks: we are asking fo1 the 2-volume, and not the 1-volume, of the 1-dimensional cmve S, and not
of the 1egion enclosed by 1t, for this exercise you may assume that “S and C are diffeomor phic” means that there 1s a
¢’ -function f, r > 1, with C" inverse, such that f S—=Cand f! ¢ =S8

Exercise 6: (15 pomts) Let w be the n-foom i R” defined by w(ey,...,e,) = 1, whete {e;, ,e,} is the canonical
basis of R® Let vy, v, be vectors m R™ given by v, = E a,,€;, wheie the a,,’s a1e 1eal scalats Piove that
1<y<n

a) wlvr, . ,vn) =det A, where A = [a,],,=1, ,n 18 the n X n matiix with elements a,,.
by w=dair A Ada,

Exercise 7: (1 point) Let 21 = @1 +w1, 22 = 23+ s be coordmates in C* Compute the integral of da; Ady; +dy; Adas
over the pait of the locus of the equation 2z, = z{” wheie |z1] < 1, oriented by Q = sgnday Ady;

Exercise 8: (1 pomnt) Find the flux of the vector field F{ y | =r"| y |, whetea1sanumber and » = /22 + y? + 22,
z z
thiough the surface S, where § is the sphere of 1adius R oriented by the outwaid-pointing notmal

Hint: the result is a function of @ and R
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