
Umveisity ol Giomngen Multivaiiable Analysis H Jaid6n-Ko]aldimelov

Exam
26/01/2023, 8 30 am - 10 30 am

Instructions:

• Prepare your solutions m an ordered, clear and clean way. Avoid delivering solutions with scratches

• Write yoni name and student numbei m all pages of yom solutions.

® Gleaily indicate each exeicise and the conespondmg answei. Provide your solutions with as much detail as 
possible

® Use difleient pieces of papei foi solutions of different exercises

• Read first the whole exam, and make a strategy foi which exercises you attempt fiist Start with those you feel 
comfoi table with1

Exercise 1: (1 poml) Piove that f(r,y) = (e' + cv,c' + e~'J) is locally mveitible at eveiy point (v,y) 6 R2 Moieovei, 
if f{o) = b, what is the derivative of f_1 at IP

Exercise 2: (1 5 points) Considei the ODE x" + 3x' + 2x = ^ ^

a) Find the geneial solution of the given ODE
b) Make a sketch of the vectoi field conespondmg to the homogeneous equation %" + Sr' + 2x = 0
c) Is theie a lelationship between the vectoi field of pait b) and the geneial solution of pait a)?

j2
f dsExercise 3: (1 point) Considei f(t) = / ----------  foi t > 1 Compute the derivative of /

Jt s + sm s

Hint: it may be useful to write / as the composition of two functions, one of which is (a, y) e4

Exercise 4: (1 point) What is the n-dimensional volume of the legion

{r = (air, , x„) e R" | r, > 0 foi all ? = 1, , r? and aq + 2r,2 + + nxn <

ds
f, s + sin s

nY'

Exercise 5: (1 point) Let 5 be a closed cuive in R2 and C the unit cncle m R2 Suppose that S and C aie difleomoiphic 
What is the 2-dimensional volume of the cuive S (vol2<S)? Justify your answei in full detail
Hints and remarks: we are asking foi the 2-volume, and not the 1-volume, of the 1-dimensional cuive S, and not 
of the legion enclosed by it, loi this exercise you may assume that “<S and C aie diffeomoiplnc” moans that there is a 
C'-function /, r > 1, with C inveise, such that / S ^ C and /_1 C ^ S

Exercise 6: (1 5 points) Let tu be the u-foim m R” defined by w(ei,...,en) = 1, wheie {ei, ,e„} is the canonical 
basis of R" Let oj, , o„ be vectois in Rn given by u, = > atjeji where the afys aie leal scalais Prove that

\<3<n

a) u>(ui, . , un) = det A, wheie A = [a,3]tt3=it ,7I is the n x n matiix with elements a,j.
b) w = dai A A dj,„

Exercise 7: (1 point) Let = a'l-Hyx, 22 = a,’2 + ii/2 be cooidmates in C2 Compute the integral of daq Adj/i-|-di/i 
over the pait of the locus of the equation z2 = z3 where < 1, oiiented by $1 = sgirdaq A dyi

ExerciseS: (1 point) Find the flux of the vectoi field E , wheie a is a numbei and r = \/x2 + y2 + z2,
\ z / z

thiough the surface S', where S is the spheie of radius R oriented by the outwaid-pointing noimal 
Hint; the result is a function of a and R
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